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Abstract: We study the large N saddle points of two SYK chains coupled by an
interaction that is nonlocal in Euclidean time. We start from analytic treatment of the
free case with q = 2 and perform the numerical study of the interacting case q = 4. We
show that in both cases there is a nontrivial phase structure with infinite number of
phases. Every phase correspond to a saddle point in the non-interacting two-replica
SYK. The nontrivial saddle points have non-zero value of the replica-nondiagonal cor-
relator in the sense of quasi-averaging, when the coupling between replicas is turned
off. Thus, the nonlocal interaction between replicas provides a protocol for turning
the nonperturbatively subleading effects in SYK into non-equilibrium configurations
which dominate at large N . For comparison we also study two SYK chains with local
interaction for q = 2 and q = 4. We show that the q = 2 model also has a similar phase
structure, whereas in the q = 4 model, dual to the traversable wormhole, the phase
structure is different.ar
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1 Introduction
The SYK model [1–4] is an example of maximally chaotic holographic quantum theory
in 0+1 dimensions that is solvable at large N . An important feature of the SYK model
is that the exact path integral can be formulated in terms of bilocal collective fields
[2, 5, 12]. This framework allows for performing the 1/N -expansion systematically as
the saddle point expansion.
The bulk theory dual to SYK contains the 2D Jackiw-Teitelboim theory [6–11] as
the gravity subsector. More specifically, the holographic correspondence dictates that
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the partition function of M copies (replicas) of SYK should be equal to the partition
function of the bulk theory, which includes the JT gravity on constant negative cur-
vature spacetimes with M boundaries [13–18]. Therefore, one can think of collective
replica field formulation of SYK as a representation for the bulk theory path integral.
From this point of view, the saddle points of the path integral correspond to some
bulk spacetime geometries of constant negative curvature with M boundaries, and the
perturbative contributions to the 1/N expansion come from quantum gravity effects on
a fixed geometry saddle point.
The recent studies of quantum chaotic nature of SYK-type theories and random
matrices [13, 14, 19–28] demonstrate that the nonperturbative effects in the 1/N ex-
pansion of SYK-type models play essential role in manifestations of quantum chaos and
random matrix universality. In particular, it was shown that the replica-nondiagonal
saddle points of the replica field path integral are related to the ramp behavior of the
spectral form-factor [14]. Replica-nondiagonal structures of saddle points of SYK-like
models were also studied in [24, 29–34], in particular in relation to the issue of spin
glasses and replica symmetry breaking. From the gravity point of view, the nonpertur-
bative effects arising from the subleading saddle points are related to the topologies of
higher genus [15, 18, 35], and they probe discrete spectrum of black hole microstates
and are important for the recovery of lost information [13–15].
In the previous work [32] we have obtained a family of exact replica-nondiagonal
saddle points in the SYK model with M replicas, where M is a positive integer number.
We have shown that these saddle points give nonperturbative contributions to the path
integrals, that are suppressed at large N as e−NδI compared to the replica-diagonal
saddle point. In the current paper we study the model of M = 2 coupled SYK replicas
with interaction, which turns those saddle points into dominant ones. We treat the
quadratic SYK2 case analytically and the case of quartic interaction SYK4 numerically.
In both cases the interaction between replicas generates a nontrivial phase structure
with infinite number of phases. The order parameter for these phases is the replica-
offdiagonal correlator. We show that on non-trivial phases it acquires non-zero value
in the sense of Bogolyubov quasi-averaging, matching the corresponding subleading
saddle point in the SYK with the interaction turned off.
The paper is organized as follows. In the section 2 we introduce the model of two
SYK chains with nonlocal coupling. The section 3 is devoted to the study of large N
saddle points and phase structure in the integrable q = 2 variant of the model. In the
section 4 we perform the numerical study of the phase structure in the q = 4 version
of the model, using the results of the previous section for initial approximation to
numerical solution of saddle point equations. In the section 5 we discuss the model with
local coupling that is related to the two-dimensional traversable wormhole [16, 26, 38].
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We also study saddle points in q = 2 and q = 4 versions of the model and compare
it to our model. In the section 6 we establish the connection between the interaction
between SYK replicas and spontaneous symmetry breaking in the sense of Bogolyubov
quasi-averages in replica-nondiagonal saddle points of SYK. Finally, the section 7 is
devoted to discussion of the results and open questions.
2 The model of two nonlocally interacting SYK chains
We study the model of 2N Majorana fermions ψαi in 0+1 dimensions. Here the replica
index α = L,R, and i = 1, . . . ,N is the color (or site) index. The two replicas have
disordered q-fermion interactions with Gaussian randomized couplings j = {ji1...iq},
equal between replicas for every realization of the randomness.
The total action for the fermions is given by1
S[ψ, j] = SL[ψL, j] + SR[ψR, j] + Sint[ψ] . (2.1)
Here
Sα[ψα, j] = ∫ β
0
dτ
⎛⎝−12 N∑i=1ψαi ddτ ψαi − iq/2q! N∑i1,i2,...,iq=1 ji1i2...ıqψαi1ψαi2 . . . ψαiq⎞⎠ (2.2)
is the single-replica SYKq action. The number q is the order of the fermionic interaction.
In the present work we consider cases q = 2 and q = 4.
We also have the term with the interaction between replicas, which has the nonlocal
form:
Sint = ∫ β
0
∫ β
0
dτ1dτ2
N∑
i=1ψLi (τ1)ηLR(τ1 − τ2)ψRi (τ2) . (2.3)
We choose the interaction η such that at finite temperature β−1 it has the form
ηLR(τ1 − τ2) = ηRL(τ1 − τ2) = ν
β sin piβ (τ1 − τ2) . (2.4)
At zero temperature we have
ηLR(τ1 − τ2) = ηRL(τ1 − τ2) = ν
pi(τ1 − τ2) . (2.5)
We choose the interaction of this form, because in the frequency space in both cases
(2.5),(2.4) has a simple form:
ηLR(ω) = ηRL(ω) = iν sgn(ω) . (2.6)
1In this paper we work in Euclidean signature exclusively.
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Indeed,
i
2pi ∫ +∞−∞ sgn(ω)e−iωτdω = 1piτ , (2.7)
where the integral is understood in the sense of principal value. At finite temperature
frequency is quantized as follows:
ωn = 2pi
β
(n + 1
2
) , n ∈ Z , (2.8)
so in this case the Fourier transform reads
i
β
+∞∑
n=−∞ sgn(ωn)e−iωnτ = 1β 1sin piτβ . (2.9)
Note that we also have to understand the integral (2.3) in the regularized sense (prin-
cipal value). The constant ν has the dimension of energy and determines the strength
of the interaction between replicas. We note that for q = 2 the action (2.3) looks sim-
ilar to the single-replica nonlocal kinetic term, considered in [36]. On the other hand,
in the previous work [14, 16, 26, 38, 39], where coupled replicas were considered, the
interaction was local.
The partition function is given by
Zj(β) = ∫ Dψe−S[ψ,j] . (2.10)
By performing the standard procedure of averaging over the Gaussian disorder and
integrating out the fermions (see [4] for detailed derivation), one obtains the path
integral over the bilocal collective replica fields Gαβ(τ1, τ2), Σαβ(τ1, τ2)Z(η) = ∫ DGDΣ e−NI[G,Σ] ; (2.11)
I[G,Σ;η] = − log Pf[δαβ∂τ − Σˆαβ] + 1
2 ∫ β0 ∫ β0 dτ1dτ2 (Σαβ(τ1, τ2)Gαβ(τ1, τ2) − J2q Gαβ(τ1, τ2)q)−1
2 ∫ β0 ∫ β0 dτ1dτ2ηαβ(τ1, τ2)Gαβ(τ1, τ2) , (2.12)
The bilocal fields are supposed to satisfy the antisymmetry condition
Gαβ(τ1, τ2) = −Gβα(τ2, τ1) ; Σαβ(τ1, τ2) = −Σβα(τ2, τ1) . (2.13)
The interaction between replicas of the form (2.3), which is bilinear in fermions, is
equivalent to inclusion of the source term for the field G2. More specifically, we have
η(τ1, τ2) = ( 0 ζ(τ1 − τ2)
ζ(τ1 − τ2) 0 ) , (2.14)
2An equivalent (up to a straightforward redefinition of field variables) way to think about η is as
shift of the Σ field [31, 34].
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where the function ζ has the form (2.6) in the frequency space and (2.5) or (2.4) in the
coordinate space. Note that this is a symmetric matrix in the replica space.
Assuming ν is constant, the Fourier transform to the temporal representation in
the case of zero temperature is given by the formula (2.5), and at finite temperature
by (2.4). Both those expressions define integral kernels of antisymmetric operators in
the space of functions of time. The combined symmetry properties of the source are in
agreement with the general antisymmetry condition
ηLR(τ1, τ2) = −ηRL(τ2, τ1) . (2.15)
We are interested in the study of saddle points of the path integral (2.11). The
saddle point equations read
∂τGαγ(τ, τ ′′) − ∫ dτ ′Gαβ(τ, τ ′)Σβγ(τ ′, τ ′′) = δαγδ(τ − τ ′′) ; (2.16)
Σαβ(τ, τ ′) = J2Gαβ(τ, τ ′)q−1 + ηαβ(τ, τ ′) . (2.17)
The replica-symmetric form of the source dictates via the equation (2.17), that for
solutions we would want to assume the replica-symmetric form as well:
GLL = GRR = G0, GLR = GRL = G1 , (2.18)
where G0 and G1 are both assumed to be odd functions in the frequency and time
representations, and to be antiperiodic in time. In [32] the constructed solutions for
non-interacting replica case had the same assumptions applied.
To conclude this section, let us make some remarks for future reference:
• Another possibility to satisfy the condition (2.15) is to consider the case when η is
antisymmetric in the replica space and symmetric in the coordinate space. This
case is widely considered in literature, in particular in the context of traversable
wormholes and chaotic thermofield double dynamics [14, 16, 18, 38] and O(N)
symmetry breaking [39]. We will consider it separately in the section 5.
• An important assumption about the source η, that we make, is that it depends
only on difference of times. Thus we only focus on solutions that are translation-
ally invariant with respect to simultaneous translation in both replicas, breaking
a part of the total translational symmetry. We discuss this in section 6.
3 Quadratic case
3.1 Equations of motion
We start the study of saddle points and phase structure with the case q = 2, which
corresponds to the integrable variant of the SYK model, or random mass fermions. We
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look for the solutions of equations (2.16)-(2.17). Assuming the ansatz for G of the form
(2.18), the saddle point equation (2.17) has the form in the frequency space
Σ0(ω) = J2G0(ω) ; (3.1)
Σ1(ω) = J2G1(ω) + iν sgn(ω) . (3.2)
Substituting into the equation (2.16), we get a system of two algebraic equations for
two unknowns:
−iωG0(ω) − J2G0(ω)2 − (J2G1(ω) + iν sgn(ω))G1(ω) = 1 ; (3.3)−iωG1(ω) − J2G0(ω)G1(ω) − (J2G1(ω) + iν sgn(ω))G0(ω) = 0 . (3.4)
This form of equations is valid for both zero and finite temperature cases for q = 2. In
the case ν = 0 one recovers the equations for the decoupled replicas for M = 2, which
were solved in [32].
Before we proceed to discussion of the solutions, let us note that the peculiar feature
of the q = 2 case is that the source η in the form (2.6) respects the conformal symmetry
in the IR limit and transforms with fixed conformal dimension ∆ = 12 . The same form
of the source breaks conformal symmetry in the IR limit in cases when q > 2.
3.2 Solutions
Now let us discuss the solutions. We focus on the case of finite temperature. In this
case the frequencies are quantized according to the Matsubara rule (2.8). The equations
(3.3)-(3.4) for general value of ν admit 4 solutions for every Matsubara frequency. They
are given by the formulae
G
(1)
0 (ωn) = − i2J2 [ωn − sgn(ωn)√2 A1] ; (3.5)
G
(1)
1 (ωn) = i8J2νωn (√2A1(4J2 + ω2n −B) − ν2(4∣ωn∣ −√2A1)) ; (3.6)
G
(2)
0 (ωn) = − i2J2 [ωn + sgn(ωn)√2 A1] ; (3.7)
G
(2)
1 (ωn) = i8J2νωn (−√2A1(4J2 + ω2n −B) − ν2(4∣ωn∣ +√2A1)) ; (3.8)
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G
(3)
0 (ωn) = − i2J2 [ωn + sgn(ωn)√2 A2] ; (3.9)
G
(3)
1 (ωn) = i8J2νωn (−√2A2(4J2 + ω2n +B) − ν2(4∣ωn∣ +√2A2)) ; (3.10)
G
(4)
0 (ωn) = − i2J2 [ωn − sgn(ωn)√2 A2] ; (3.11)
G
(4)
1 (ωn) = i8J2νωn (√2A2(4J2 + ω2n +B) − ν2(4∣ωn∣ −√2A2)) . (3.12)
(3.13)
Here we have introduced the auxiliary notations:
A1 = √4J2 + ω2n + ν2 +B ; (3.14)
A2 = √4J2 + ω2n + ν2 −B ; (3.15)
B = √16J2ω2n + (4J2 + ν2 − ω2n)2 . (3.16)
Let us expand these solutions in small ν. Taking into account leading and subleading
terms, we obtain
G
(1)
0 (ωn) = −iωn + i sgn(ωn)√4J2 + ω2n2J2 + i sgn(ωn)(4J2 + ω2n) 32 ν2 +O(ν4) ; (3.17)
G
(1)
1 (ωn) = iωn − i sgn(ωn)√4J2 + ω2n
2J2
√
4J2 + ω2n ν − iωn(4J2 + ω2n) 52 ν2 +O(ν4) ; (3.18)
G
(2)
0 (ωn) = −iωn − i sgn(ωn)√4J2 + ω2n2J2 − i sgn(ωn)(4J2 + ω2n) 32 ν2 +O(ν4) ; (3.19)
G
(2)
1 (ωn) = −iωn − i sgn(ωn)√4J2 + ω2n
2J2
√
4J2 + ω2n ν + iωn(4J2 + ω2n) 52 ν2 +O(ν4) ; (3.20)
G
(3)
0 (ωn) = − iωn2J2 − iωn2J2√4J2 + ω2nν +O(ν3) ; (3.21)
G
(3)
1 (ωn) = −i sgn(ωn)√4J2 + ω2n2J2 − i sgn(ωn)2J2 ν +O(ν3) . (3.22)
G
(4)
0 (ωn) = − iωn2J2 + iωn2J2√4J2 + ω2nν +O(ν3) ; (3.23)
G
(4)
1 (ωn) = i sgn(ωn)√4J2 + ω2n2J2 − i sgn(ωn)2J2 ν +O(ν3) . (3.24)
(3.25)
Comparing to the results of section 3.1 in [32] in the decoupled case ν = 0, we see that
in the limit ν → 0 solutions 1 and 2 turn into the replica-diagonal solutions, whereas
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the solutions 3 and 4 turn into the replica-nondiagonal solutions. It is also important
to note that for solutions 1 and 2 the subleading powers in ν do not change the leading
UV asymptotic ωn →∞.
The solutions of the full SYK2 model are constructed by choosing each of the four
roots for every Matsubara frequency independently. The solution, for which we choose
the root 1 for every Matsubara frequency, gives the standard saddle point [3, 13]. At
ν → 0, it converges to the saddle point that dominates over saddle points, defined by
other solutions [32]. In order to have the UV-finite action, we have to consider the
solutions, for which only a finite number of Matsubara modes have roots 2, 3 or 4, and
the UV asymptotic is defined by the solution 1 exclusively.
3.3 On-shell action and phase structure
Now we discuss the contributions of saddle points to the path integral (2.11). To study
the dominance of the saddle points, we consider the action density ρ, defined by the
formula
I[G,Σ]∣on-shell =∑
n
ρ(ωn, J, ν) . (3.26)
The explicit expression for ρ is obtained from (2.12) by setting q = 2, using the equation
(2.17) and going into the frequency space. The action density is written as
ρ = −l + J2
2
m , (3.27)
where we have the contribution from the Pfaffian term
l = log [(1 + J2G0(ωn)
iωn
)2 − (J2G1(ωn) + iν sgn(ωn)
iωn
)2] , (3.28)
and the polynomial part
m = ∣G0(ωn)∣2 + ∣G1(ωn)∣2 . (3.29)
For every Matsubara mode, we have 4 different branches of solutions, given by the
equations (3.5)-(3.12). Every solution gives a contribution to the action density, which
we denote as
ρ(j)(ωn, J, ν) = −l(j) + J2
2
m(j), j = 1,2,3,4 (3.30)
We present the plots of ρ(j) as function of n for different values of the coupling ν on
the Fig.1. For the decoupled case ν = 0, as was shown in [32], the solution 1, which
corresponds to the standard replica-diagonal saddle, has the lowest action, and thus
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(a) (b) (c)
Figure 1. Cartoon of action densities (3.30) as functions of Matsubara frequency label n on
4 solutions for different values of ν. Here J = 1 and T = 0.1. (a) ν = 0. (b) ν = piT ≃ 0.314.
(c) ν = 2.
lowest action density for every Matsubara mode, see Fig.1A. The 2nd solution, which
is also replica-diagonal, has the highest action. Meanwhile, the 3rd and 4th solutions
are have the same action. When ν increases, the action density of the solution 3
increases, whereas the action density of the solution 4 decreases. As shown on the
Fig.1B, at certain value of ν we have ρ(1)(±ω0) = ρ(4)(±ω0). This signifies the first phase
transition: after that point the solution with G(±ω0) = G(4)(±ω0) becomes dominant
over the solution which involves the G(1) root for all Matsubara modes. The value of
action on the dominant saddle point develops a discontinuity of the first derivative in
temperature, which indicates the first order phase transition. As ν increases further,
the cyan curve goes down further, and more phase transitions occur. On Fig.1 the
saddle point, which dominates, has G(±ω0) = G(4)(±ω0) and G(±ω1) = G(4)(±ω1) (the
rest of Matsubara modes are still defined by G(1).
To summarize, when increasing the coupling or, equivalently, lowering the tem-
perature, we encounter infinite number of phase transitions. Every phase transition
consecutively replaces the root G(1) with G(4) for the Matsubara modes starting from±ω0 on the dominant saddle point.
Let us introduce some terminology for these phases.
• The phase, when the dominant saddle point has G(ωn) = G(1)(ωn) for all n, is
called the paramagnetic phase.
• We will label the given non-paramagnetic phase by the bold integer number n0,
if we have G(±ωn) = G(4)(±ωn) for n < n0, and G(ωn) = G(1)(ωn) for the rest
of Matsubara modes. Example: phase 0 is defined by G(±ω0) = G(4)(±ω0) and
G(ωn) = G(1)(ωn) for the rest.
Consider the phase transition from the phase n − 1 to the phase n3. We can find the
3The paramagnetic phase here corresponds to −1.
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Figure 2. Phase diagram of two nonlocally coupled SYK2 chains in the ν-T plane, as defined
by the equation (3.32). The numbers label the nontrivial phases.
critical curve for such phase transition from the equation
ρ(4)(ωn(T ), J, ν) = ρ(1)(ωn(T ), J, ν) (3.31)
for any n. Doing some straightforward but tedious algebra, one can check that this
equation is solved by the linear law:
νcr = 2piTcr (n + 1
2
) . (3.32)
Note that there is no dependence on J . The corresponding phase diagram in the plane
of replica coupling ν and temperature T is presented on the Fig.2. Let us make some
comments on it:
• At any given temperature (coupling), one can probe infinite number of phases by
increasing the coupling (decreasing the temperature).
• At any given temperature, when decreasing the coupling quasi-statically, one
always ends up in the paramagnetic phase.
4 Quartic case
4.1 Numerical solution of saddle point equations
Having studied the analytically tractable q = 2 case, we now proceed to the study of
saddle points in the interacting q = 4 case. Specifically, we numerically solve the saddle
– 10 –
(a) (b)
(c) (d)
Figure 3. Numerical solutions for Gαβ as function of θ = 2piβ τ for ν = 0.1 and J = 1. (a)
Paramagnetic phase, T = 0.032. (b) Phase 0, T = 0.025. (c) Phase 1, T = 0.008. (d) Phase 2,
T = 0.004.
point equations (2.16)-(2.17) with the source (2.14) numerically, using the replica-
symmetric ansatz (2.18). Under these assumptions, the saddle point equations read
−iωnG0(ωn) −G0(ωn)Σ0(ωn) −G1(ωn)Σ1(ωn) = 1 ; (4.1)
iωnG1(ωn) +G1(ωn)Σ0(ωn) +G0(ωn)Σ1(ωn) = 0 ; (4.2)
Σ0(τ, τ ′) = J2G0(τ, τ ′)q−1 ; (4.3)
Σ1(τ, τ ′) = J2G1(τ, τ ′)q−1 + ζ(τ − τ ′) . (4.4)
We solve the equations at finite temperature, so that ζ is given by (2.4) in the position
space. To construct the numerical solutions, we use the approach described in section
4.1 of [32], generalized to the case of interacting replicas. The fixed parameters of the
system are J , ν and the temperature T = β−1. The initial condition for the iteration
procedure is given by a solution of the q = 2 version of the model. The resulting solution
is obtained by iterating the equations of motion and waiting for convergence until the
desired accuracy.
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(a) (b)
(c) (d)
Figure 4. Numerical solutions for Gαβ as function of θ = 2piβ τ for ν = 5 and J = 1. (a)
Paramagnetic phase, T = 1.6. (b) Phase 0, T = 1.55. (c) Phase 1, T = 0.51. (d) Phase 2,
T = 0.3.
• Like in the decoupled replicas case [32], for every q = 2 solution there exists a
solution in the q = 4 model.
• It is observed that for solutions that we studied, the hierarchy in the dominance of
the saddle points is very similar to the q = 2 case. Different phases correspond to
solutions, which are obtained by iterating from the dominant solutions in the q = 2
model. In other words, the competition happens between the solutions, which
are obtained from q = 2 trial functions Gαβ(ωn) containing different number of
Matsubara modes with the root 4 (3.11)-(3.12).
• We use the same terminology for phases as in the q = 2 case in section 3.3.
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4.2 Phase structure
To study the phase structure of the model, we compute the action (2.12) on numerical
solutions of equations (4.1)-(4.4). The general expression for the action reads
I[G,Σ;η] = − log Pf[δαβ∂τ − Σˆαβ] + 1
2 ∫ β0 ∫ β0 dτ1dτ2 (Σαβ(τ1, τ2)Gαβ(τ1, τ2) − J2q Gαβ(τ1, τ2)q)−1
2 ∫ β0 ∫ β0 dτ1dτ2ηαβ(τ1, τ2)Gαβ(τ1, τ2) , (4.5)
We use equations of motion, subtract the free part from the logarithm and assume that
fields depend only on u = τ1 − τ2. Then one gets
I ∣on-shell = −1
2
∑
n
log det [δαβ + Σαβ(ωn)
iωn
] + (1 − 1
q
)J2∫ β
0
du∑
α,β
Gαβ(u)q∣
on-shell
.(4.6)
Constructing the numerical solutions of saddle point equations and computing the
on-shell action, we find that the phase structure of the q = 4 model is similar to the q = 2
model: when decreasing the temperature at fixed coupling, the system goes through
infinite number of phase transitions. The solutions which correspond to different phases
are presented on Fig.3 and Fig.4.
1. On Fig.3 the coupling between replicas is weak, compared to the SYK self-
interaction of fermions, ν = 0.1 < J = 1. The behavior of solutions in non-
paramagnetic phases have many similarities with the replica-nondiagonal solu-
tions of the decoupled replicas from [32]. The effect of the coupling ν comes
down to shifting the long-time region by a constant and introducing extra local
extrema in the short time region.
2. On Fig.4 the coupling between replicas is strong, compared to the SYK self-
interaction of fermions, ν = 5 > J = 1. In this case the oscillatory behavior
dominates over the regular SYK4-like dynamics.
To study the phase transitions, we define the annealed free energy as
F = −T logZ(η) , (4.7)
where T = β−1. On the dominant saddle point in the leading order of large N , we
express it through the on-shell action by
F = TN (− log 2 + I ∣on-shell) . (4.8)
Here the log 2 is subtracted in order for the entropy to match the free result N log 2 for
J = ν = 0.
We plot the free energy near first three critical points on Fig.5. Specifically the
following phase transitions are demonstrated (in order of the increasing temperature):
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(a) (b) (c)
(d) (e) (f)
Figure 5. Free energy during phase transitions in the q = 4 model. Here black curve is the
free energy of the paramagnetic phase, blue curve is the free energy of the phase 0, brown
curve is the free energy of the phase 1 and green curve is the free energy of the phase 2.
Plots (a)-(c) correspond to ν = 0.1, and plots (d)-(f) correspond to ν = 5. For all plots J = 1.
Dashed line shows for comparison the corresponding critical point of the q = 2 model, as
dictated by equation (3.32).
• Fig.5(a),(d): phase 1 → phase 2;
• Fig.5(b),(e): phase 0 → phase 1;
• Fig.5(c),(f): paramagnetic phase → phase 0;
First of all, we confirm that these phase transitions are of the first order. Second, we
see that, while the paramagnetic phase has approximately linear behavior of the free
energy, which is characteristic for SYK models [3, 16, 26, 39], the nontrivial phases 0, 1,
2, . . . have largely nonlinear behavior of the free energy. When the coupling ν is weak
(see Fig.3), the total free energy is monotonically decreasing, as shown on Fig.5(a)-
(c). However, when the coupling between replicas is strong (see 4), the free energy is
non-monotonic, and increases towards every critical point, as shown on Fig.5(d)-(f).
One point that seems common for both cases of strong and weak replica interaction
is that the entropy is decreasing with temperature on the nontrivial phases 0, 1, 2, . . . .
That means that the heat capacity C = −T ∂2F∂T 2 is negative for these phases. Moreover,
in the case ν = 5 the growth of the free energy indicates negative entropy. This might
hint that one perhaps should restrict the allowed values of ν in such a way that the
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entropy remains positive. Note, however, that the heat capacity on nontrivial phases
is negative for all values of ν.
For comparison, we have also shown on Fig.5 the critical points of the q = 2 model,
defined by the phase diagram equation (3.32) on Fig.5 by the dashed line. This demon-
strates that the effect of the q = 4 self-interaction is that the critical temperatures
decrease compared to the q = 2 case, and the difference is largest for the highest tem-
perature critical point of the transition between the paramagnetic and 0th phases.
5 Local replica coupling
We have also conducted analogous study of two coupled SYK models, which are related
to the eternal traversable wormhole [16, 26, 37, 38]. In terms of the bilocal replica field
action (2.12), this model is obtained, when one assumes that the source ηαβ has the
replica-antisymmetric form
ηˆ(τ1 − τ2) = ( 0 ζ(τ1 − τ2)−ζ(τ1 − τ2) 0 ) , (5.1)
where4
ζ(τ) = iµδ(τ) . (5.2)
In the momentum space one simply has
ζ(ωn) = iµ . (5.3)
This results in the local coupling of the traversable wormhole models [16, 38] of the
form
Hint = −iµ∑
i
ψLi (τ)ψRi (τ) . (5.4)
We expect that the replica-antisymmetric source supports solution for G, which have
the form:
GLL(τ1, τ2) = GRR(τ1, τ2) = G0(τ1, τ2), GLR(τ1, τ2) = −GRL(τ1, τ2) = G1(τ1, τ2) . (5.5)
The dynamic variables are G0 and G1. Taking into account the antisymmetry condition
(2.13), the ansatz (5.5) implies that G0 must be an odd function in the frequency space,
whereas G1 must be an even function5.
4Note that the sign of µ in our case is opposite to that of [16]. While the sign is significant for the
gravity analysis [16, 37] and for exact diagonalization studies [16, 26], it is unimportant for solution
of saddle point equations.
5These assumption about the symmetry properties of functions are in line with the properties of
correlators in thermofield double and other studies of coupled SYK models [14, 16, 26, 39].
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5.1 The case q = 2
Like in the case of the replica-symmetric source, one can also solve the model in the
q = 2 case. Assuming the ansatz (5.5) for G, the saddle point equations (2.16)-(2.17)
have the form
Σ0(ωn) = J2G0(ω) ; (5.6)
Σ1(ω) = −ΣRL(ω) = J2G1(ω) + iµ , (5.7)
and we have equations in the frequency space
−iωG0(ω) − J2G0(ω)2 + (J2G1(ω) + iµ)G1(ω) = 1 ; (5.8)−iωG1(ω) − J2G0(ω)G1(ω) − (J2G1(ω) + iµ)G0(ω) = 0 . (5.9)
Note that the antisymmetric matrices do not form a closed algebra under the matrix
multiplication, unlike the symmetric matrices. Therefore, for arbitrary replica number
M there is no guarantee for a consistent system of equations that would allow for a
nontrivial replica-nondiagonal solution. Fortunately, this is the case for M = 2.
5.1.1 Solutions
The solutions for general value of µ are given by:
G
(1)
0 (ωn) = − i2J2 [ωn − sgn(ωn)√2 C1] ; (5.10)
G
(1)
1 (ωn) = i8J2µ∣ωn∣ (−√2C1(4J2 + ω2n −D) − µ2(4∣ωn∣ −√2C1)) ; (5.11)
G
(2)
0 (ωn) = − i2J2 [ωn + sgn(ωn)√2 C1] ; (5.12)
G
(2)
1 (ωn) = i8J2µ∣ωn∣ (√2C1(4J2 + ω2n −D) − µ2(4∣ωn∣ +√2C1)) ; (5.13)
G
(3)
0 (ωn) = − i2J2 [ωn + sgn(ωn)√2 C2] ; (5.14)
G
(3)
1 (ωn) = i8J2µ∣ωn∣ (√2C2(4J2 + ω2n +D) − µ2(4∣ωn∣ +√2C2)) ; (5.15)
G
(4)
0 (ωn) = − i2J2 [ωn − sgn(ωn)√2 C2] ; (5.16)
G
(4)
1 (ωn) = i8J2µ∣ωn∣ (−√2C2(4J2 + ω2n +D) − µ2(4∣ωn∣ −√2C2)) , (5.17)
(5.18)
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(a) (b) (c)
Figure 6. Action densities (3.30) as functions of Matsubara frequency label n on 4 roots for
different values of µ. Here J = 1 and T = 0.1. (a) µ = 0. (b) µ = 1.76. (c) ν = 2.8.
where we introduce the auxiliary notations:
C1 = √4J2 + ω2n − µ2 +D ; (5.19)
C2 = √4J2 + ω2n − µ2 −D ; (5.20)
D = √16J2ω2n + (−4J2 + µ2 + ω2n)2 . (5.21)
Analogously to the analysis of section 3.2, one can also expand these solutions in powers
of µ and see that the 3rd and 4th solutions have non-zero limit for G1 as µ→ 0.
5.1.2 Phase structure
To study the dominance of the saddle points, we again study the action density ρ,
defined according to (3.26). Analogously to equations (3.27)-(3.29), we again write
ρ = −1
2
l + J2
2
m ; (5.22)
l = log [(1 + J2G0(ωn)
iωn
)2 + (J2G1(ωn) + iµ
iωn
)2] ; (5.23)
m = ∣G0(ωn)∣2 + ∣G1(ωn)∣2 . (5.24)
We plot the action densities ρ(i)(ωn, J, µ) for the four solutions as functions of n on
Fig.6. We see that the phase structure of the model with local replica-antisymmetric
coupling is very different from the model with the nonlocal replica-symmetric coupling
(see Fig.1). In the present case, the competition now happens between the solution
1 and the solution 2. On the plot Fig.6(a), corresponding to the decoupled case µ =
0, the solution 1 dominates. On the plot Fig.6(b) the critical point is shown, when
ρ(2)(ω0, J, µ) = ρ(1)(ω0, J, µ). Finally, on the plot Fig.6(c) the dominant solution is the
one which has Gαβ(±ωk) = G(2)αβ (±ωk) for k = 0,1,2 and Gαβ(±ωn) = G(1)αβ (±ωn) for the
rest of Matsubara modes. Also, note that the coupling µ does not lift the degeneracy
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Figure 7. Phase diagram for replica-antisymmetric solutions with local coupling µ in the
µ-T plane, as defined by the equation (5.25). The numbers label the nontrivial phases. Here
J = 1. Only the critical curves which correspond to the three highest temperature phase
transitions are shown.
between solutions 3 and 4, unlike in the nonlocal case. The saddle points with solutions
3 and 4 are always subleading.
The critical curves are defined by the equations
ρ(2)(ωn(T ), J, µ) = ρ(1)(ωn(T ), J, µ) (5.25)
for any n. This equation does not have an analytic solution, but it can be solved numeri-
cally to obtain the phase diagram. On the plot 6 we plot the three highest temperature
critical curves. Like in the symmetric nonlocal case, we have an infinite number of
phases. The notable distinction here is the presence of gap in µ: at small enough (but
non-zero) coupling µ < µ0 there are no phase transitions, and the paramagnetic phase
is unique.
5.2 The case q = 4: traversable wormhole dual
The numerical study of the exact saddle point equations of the system with the source
(5.2) in the case of q = 4 was performed in [16, 26]. The main phenomenon that
was discovered is the presence of the phase transition which is dual to the Hawking-
Page phase transition in the bulk. We have also applied our approach of numerical
integration explained in [32] and outlined in section 4 to this model. Let us summarize
our findings:
• At temperatures that are significantly higher than the Hawking-Page tempera-
ture, there exist new solutions that can be obtained by choosing 2nd or 3rd or
4th solutions (5.12)-(5.17) in the q = 2 trial function. However, all such solutions
that we find have action higher than that of the standard saddle point.
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Figure 8. The Maldacena-Qi hysteresis of the free energy (blue curve), together with free
energy of a subleading saddle (red curve). Here J =√2 and µ = 0.03.
• The Maldacena-Qi hysteresis [16] of the free energy is reproduced by our approach,
as demonstrated by the blue curve on Fig.8. In terms of the trial functions, the
q = 4 solutions on the horizontal branch of the hysteresis are obtained from q = 2
solutions with large enough number of 2nd roots among Matsubara modes (in
our case 14). The solutions on the linearly decaying branch are obtained from
the trial function with the 1st root for all Matsubara modes.
• We have also found that at low temperatures the saddle points with G(2)-solutions
in the trial function do not exist. They appear around the Hawking-Page transi-
tion, and have higher free energy, which is moreover increases with temperature.
On Fig.8 the red curve is the free energy of a q = 4 saddle point, obtained from
the q = 2 solution with Gαβ(±ω0) = G(2)αβ (±ω0), which corresponds to the phase 0
in the q = 2 model.
Thus we conclude that the phase diagram of the traversable wormhole model with
q = 4 is drastically different from its q = 2 counterpart, all due to the Hawking-Page
phase transition, which does not happen in the q = 2 case. This is a key distinc-
tion between the traversable wormhole model and our model with nonlocal symmetric
coupling. More specifically, the model with the interaction (2.4) promotes the sublead-
ing saddle points of the two decoupled SYK replicas into non-trivial phase structure,
whereas the model dual to the traversable wormhole cannot do this due to the Hawking-
Page transition.
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6 Symmetry breaking and quasi-averaging
This section is devoted to the discussion of patterns of continuous symmetry breaking
in two SYK replicas with and without interaction.
6.1 Spontaneous symmetry breaking in two decoupled replicas
When the interaction is turned off η = 0, the path integral (2.11) at finite temperature is
invariant under the time translations in each replica U(1)×U(1). The replica-diagonal
saddle points preserve this symmetry. However, the replica-nondiagonal saddle points in
general spontaneously break this symmetry. In particular, the saddle points, for which
Gαβ depend only on difference of times, spontaneously break the full time translation
symmetry as U(1) × U(1) → U(1). This has important consequences, in particular in
[14] it was shown that this symmetry breaking in the spectral form factor explains the
ramp behavior.
Because of the spontaneous symmetry breaking, one can generate other replica-
nondiagonal solutions by acting with a broken generator. The broken symmetry acts
on the components of solution for the field G(τ1−τ2) in the coordinate space as follows:
GLL(τ)→ GLL(τ) ; GRR(τ)→ GRR(τ) ; (6.1)
GLR(τ)→ GLR(τ + α) ; GRL(τ)→ GRL(τ + α) , (6.2)
and in the frequency space as
GLL(ω)→ GLL(ω) ; GRR(ω)→ GRR(ω) ; (6.3)
GLR(ω)→ e−iωαGLR(ω) ; GRL(ω)→ e+iωαGRL(ω) . (6.4)
One can check for generic q that the on-shell action (4.6) is invariant under these
transformations, provided η = 0. Let us now make a few remarks:
• Since in the decoupled case the replica-nondiagonal solutions are subleading at
large N , we use here the term ”spontaneous symmetry breaking” in a generalized
sense. It does not imply the existence of an ordered phase with spontaneously
broken symmetry in the thermodynamic limit N → ∞, but takes into account
subleading saddle points as well.
• An important particular transformation of the form (6.2) is realized by setting
α = β2 . It can be used to map replica-symmetric solutions in the SYK with
M = 2 decoupled replicas to replica-antisymmetric solutions, which are related to
thermofield double correlators [32]. This simple mapping works only for M = 2
replicas, but in principle for general M one can generate other solutions, starting
– 20 –
from the replica-symmetric solutions or solutions with Parisi pattern of replica
symmetry breaking.
• For q = 2 the Matsubara modes are decoupled. Therefore, the symmetry (6.4)
can be treated as gauge symmetry with α = α(ωn).
6.2 Quasi-averaging
The interaction between the replicas works as a source term in the bilocal replica field
action. As we mentioned in the end of section 2, it turns the spontaneous breaking of the
time translation symmetry into the explicit one. In other words, the source η lifts the
degeneracy between the replica-nondiagonal solutions of the decoupled system. In the
sections 3 and 4 we have shown that the source of the particular form (2.4) generates a
nontrivial phase structure from the replica-nondiagonal solutions which have the lowest
free energy after the split of the degeneracy. To work towards the physical implications
of these effects, it is important to define a quantity that is sensitive to the lifting of the
degeneracy.
In the SYK with two decoupled replicas, the exact two-point correlator is defined
as Gαβ(τ1, τ2) = δ
δηαβ(τ1, τ2) logZ(η)∣η=0 (6.5)
We are specifically interested in the case when α ≠ β. In terms of the path integral
(2.11), we have
Gαβ(τ1, τ2) = 1Z(0) ∫ DGDΣe−NI[G,Σ;η]Gαβ(τ1, τ2)∣η=0 . (6.6)
We would like to study this quantity in thermodynamic limit N →∞. However we have
the spontaneous symmetry breaking, which is made explicit by the source η. Therefore,
one has to pay special attention to the order of taking the limits N → ∞ and η → 0
[40].
One can define the usual quantum average in thermodynamic limit
⟨GLR(τ1, τ2)⟩ = lim
N→∞ [ 1Z(0) ∫ DGDΣe−NI[G,Σ;η]GLR(τ1, τ2)∣η=0] . (6.7)
To compute this quantity, one sets η = 0 first and then evaluates the path integral
by the saddle point. The dominant saddle for η = 0 is the standard replica-diagonal
solution, which preserves the time translation symmetry. Therefore, the result is
⟨GLR⟩ = 0 . (6.8)
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The more suitable quantity for probing the replica-nondiagonal structure is the
Bogolyubov quasi-average [34, 40]. In our case we define it as follows:
≺ GLR(τ1, τ2) ≻= lim
η→0 [ limN→∞ 1Z(0) ∫ DGDΣe−NI[G,Σ;η]GLR(τ1, τ2)] . (6.9)
To compute this quantity, one has to evaluate the path integral by the saddle point at
some non-zero η and then take the limit η → 0. This quantity is multivalued: its value
depends on the initial value of η, since it determines the dominant saddle point. This
allows this quantity to probe the replica-nondiagonal structure
Let us demonstrate how this works on the q = 2 version of the model (2.1). First,
we take a finite value of ν = ν0 such that the system sits in the phase 0, i.e. G1(±ω0) =
G
(4)
1 (±ω0) (see 3.12). In this case
lim
N→∞ 1Z(0) ∫ DGDΣ e−NI[G,Σ;η]GLR(ω0) = G(4)1 (ω0) . (6.10)
Now we have to take the limit ν → 0. For this we use the expansion (3.24):
G1∣ν=0(ω) = i sgn(ω)√4J2 + ω2
2J2
. (6.11)
As a result, this gives the non-zero quasi-average
≺ GLR(ω0) ≻= i√4J2 + ω20
2J2
; ≺ GLR(ωn) ≻= 0 ∀n ≠ 0 . (6.12)
The value of the quasi-average ≺ GLR(τ1, τ2) ≻ matches the value of the replica-
offdiagonal component of Gαβ on the replica-nondiagonal saddle point of the SYK
with decoupled replicas, which can be found analytically for q = 2 and numerically for
q = 4 [32]. One can say that the property of the model (2.1) is that the quasi-averages
remember about its phase structure after ν is turned off. Note that this is not the case
in the model with local coupling (5.2): in both q = 2 and q = 4 versions of the model
the dominant phases have G1∣µ=0 = 0.
As a final remark, let us note that originally quasi-averages were proposed by
Bogolyubov as a probe of ordered phases with spontaneously broken symmetry [40].
Our considerations in [32] and in the present paper show that the two-replica SYK is
different in this regard: there are no phases with spontaneously broken symmetry, but
there is still spontaneous symmetry breaking in the sense of non-zero quasi-averages.
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7 Discussion
We have studied the model of two SYK replicas with nonlocal interaction (2.3). We
have shown that in both q = 2 and q = 4 cases this model exhibits a nontrivial phase
structure with infinite number of phases. The coupling of the form (2.4) is unique,
because every nontrivial phase corresponds to a replica-nondiagonal saddle point in
the SYK with two decoupled replicas. This mapping is made explicit by consideration
of quasi-averages, which correspond to the breaking of time translation symmetry.
Let us now summarize the main results of the paper:
1. We have solved the saddle point equations of two nonlocally coupled SYK2 chains.
We have derived the phase diagram (3.32), see Fig.2. We have shown that the
nontrivial phases correspond to replica-nondiagonal saddle points of the two-
replica SYK2 when the coupling is turned off.
2. We have found numerical solutions of saddle point equations of two nonlocally
coupled SYK4 chains, see Figs.3,4. We have shown that this model demonstrates
nontrivial phase structure similar to the q = 2 counterpart. We have studied the
behavior of the annealed free energy, see Fig.5.
3. We have solved the saddle point equations of two locally coupled SYK2 chains.
We have also obtained the phase diagram for that model, see Fig.7. In this case,
all phases, including the nontrivial ones, correspond to replica-diagonal saddle
points in two-replica SYK2, when the coupling is turned off.
4. We have performed a numerical study of saddle point structure of the model of
two locally coupled SYK4 chains, which is dual to the traversable wormhole. We
have found that the phase structure is drastically different from the q = 2 case, due
to effects related to the Hawking-Page phase transition. We have reproduced the
Maldacena-Qi hysteresis of the free energy by a different approach, and we have
shown that other saddle points have higher free energy than the Hawking-Page
saddles.
5. We have discussed the connection between the model of two nonlocally coupled
SYK chains with the spontaneous symmetry breaking of time translation sym-
metry by replica-nondiagonal solutions in the two-replica SYK. From analytic
arguments in q = 2 model and numerical solutions in q = 4 model, we see that
thermodynamic limit N →∞ does not commute with the limit of zero interaction
between replicas ν → 0. Because of this, the replica-offdiagonal correlator is non-
zero in the sense of quasi-averages. This establishes the spontaneous symmetry
breaking in the two-replica SYK in the sense of non-zero quasi-averages.
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The connection between the phases of the model (2.1) and the quasi-averages in
the decoupled SYK replicas motivate us to propose this model as a tool for probing the
nonperturbative effects in two decoupled SYK replicas. One can do this by performing
the following operations:
• Prepare an equilibrium configuration of the model (2.1) by tuning the coupling
ν and temperature T such that the system is in the phase n0.
• Turn off the coupling between replicas ν instantly.
After such quantum quench we end up with the two-replica SYK in a non-equilibrium
configuration with non-zero value of the replica-nondiagonal correlator. This non-
equilibrium configuration is described by a subleading saddle point. It can be expected
that this configuration will live for a time of order
∆t ∼ β
Nδ
, (7.1)
where
δ = I(replica-nondiagonal) − I(standard) (7.2)
is the difference between the on-shell action of the replica-nondiagonal and the standard
replica-diagonal saddles. Until this configuration decays, we can expect that the physics
of the system at large N will be determined by the replica-nondiagonal saddle point,
which is usually a nonperturbatively small effect in the equilibrium state. Thus, the
model of two nonlocally coupled SYK chains (2.1) provides a protocol of a quantum
quench, which can turn a small nonperturbative effect in regular SYK into a non-
equilibrium configuration which dominates the physics for a time period of order 1/N .
The computation of real-time nonequilibrium correlators in such quench scenario is an
interesting problem for future work.
The caveat to this problem, which might make the physical realization of such
quench protocol difficult, is the fact that the initial state is prepared as a phase with
negative heat capacity, as we discuss in section 4.2. The negative heat capacity might
hint that the model (2.1) as it is could not be realized physically, but one can probably
cure this by turning the source ν into a dynamic variable with some slow enough
dynamics.
The other pressing open question is to find out what is the precise role of the replica-
nondiagonal saddle points and of the coupling (2.3) in the dual gravity description. We
expect that the replica-nondiagonal saddle points in SYK with decoupled replicas,
obtained in [32] describe the contributions of nontrivial topologies to the path integral
of UV completion of the JT gravity [41], which were discussed in [15]. The work
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[16, 38] has shown that the model with local interaction defined by (5.2) is suitable as a
holographic dual to traversable wormhole. From our study of the model with nonlocal
interaction (2.4), we can say that the holographic dual is different from a wormhole. It
would be interesting to check whether our model is perhaps more related to some D-
brane configurations in the conjectured theory of JT string instead. Also, the negative
heat capacity can motivate to consider the holographic dual model, where some form
of the Hawking evaporation happens.
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